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We present a solution to the strong CP problem, which relies on the horizontal gauge symmetry
and CP invariance in a full theory. Similar to other Nelson-Barr type solutions, CP violation in both
the strong and weak sectors in the Standard model (SM) is attributed to the condensation of complex
scalars Φ in the model. The model is differentiated by others in that it explains the hierarchy in
quark-Higgs Yukawa coupling in the SM based on a series of sequential breaking of the horizontal
SU(3)f gauge symmetry. The experimental constraint θ . 10−10 requires <Φ>. 1013 − 1014GeV
(vacuum expectation value of complex scalars) and λ . 10−6 (scalar quartic coupling). We show
that this small coupling is natural in the sense of ’tHooft naturalness. Compared to other models of
Nelson-Barr type with CP breaking scale ΛCP . 108GeV, our model is more advantageous in terms
of consistency with the thermal leptogenesis.
I. INTRODUCTION
A smallness of a parameter in a theory can be consid-
ered natural provided certain additional symmetries are
restored in the limit where the parameter is sent to zero
[1]. This sense of naturalness, however, finds an unnatu-
ral small parameter when applied to QCD sector of the
Standard Model (SM), i.e., θ = θ0 +Arg det(YuYd). Here
θ0 is the QCD vacuum angle parametrized by a coeffi-
cient of the term ∼ Fµν F˜µν in the QCD sector and Yq
is the Yukawa coupling matrix. The parameter enters
in the expression of the neutron electric dipole moment
(NEDM) dn = 3.6× 10−16θ e cm [2] of which the current
experimental constraint dn < 3 × 10−26 e cm [3] yields
θ < 10−10. Setting θ = 0 still does not undo the break-
ing of CP symmetry because of non-zero KM phase in
the weak sector in the SM.
Several explanations as to the smallness of θ have been
suggested. These include, for instance, possibilities of
having massless up-quark and the idea of introducing a
global U(1) symmetry with a color anomaly [4–7]. For
the purpose of setting θ= 0, the field redefinition of the
up-quark and the vacuum expectation value (VEV) of a
pseudo Nambu-Goldstone boson arising from the break-
ing of the anomalous global U(1) can be used for the
former and later cases, respectively. The lattice compu-
tation of the up-quark mass shows significant deviation
from zero [8] and thus this simplest solution seems less
likely (however, see e.g. [9]). For the later solution [4–
7, 10–13], a variety of the experimental searches for the
pseudo Nambu-Goldstone boson, axion, have been sug-
gested and performed, and are still under active scrutiny
to date (see, e.g. [14]).
Another class of solution concerns spontaneous break-
ing of CP symmetry. The most well known among this
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line of solutions is the Nelson-Barr model [15, 16]. The
model begins with the assumption that CP transforma-
tion is a symmetry of the model, giving rise to θ0 = 0.
Furthermore, all the interaction coefficients in the La-
grangian become real and the model is constructed in
a way that the determinant of the fermion mass ma-
trix is rendered real as long as CP is conserved. The
model assumes a complex scalar sector and the vacuum
thereof breaks CP. It is VEV of this complex scalar which
makes the next leading order contribution to the fermion
mass matrix complex, thereby inducing CP violating KM
phase in the weak sector of the SM. One of features that
makes the solution of this kind distinguished from others
is that CP violations in the strong and weak sector are
attributed to fundamentally identical physics.
Along with an unknown fundamental origin of CP vi-
olating parameters, i.e. θ and KM phase, an underlying
physics responsible for the fermion mass hierarchy re-
mains mysterious in the SM as well. On the other hand,
KM phase and the mass hierarchy have something to do
with each other in that both are associated with Yukawa
coupling matrices in the SM. Given this situation, should
one is aimed to resolve the strong CP problem by rely-
ing on physics of the spontaneous CP violation, it could
be a natural suspicion that underlying origins of θ, KM
phase and the hierarchy in fermion masses may possibly
be very closely related to one another
In this work, as an answer to such a suspicion, we
present a model which contains new heavy quarks and
complex scalars apart from the SM particle contents.
Also, we extend the gauge group of the SM by introduc-
ing horizontal SU(3)f gauge symmetry and by assum-
ing three Z2 discrete gauge symmetries. The complex
scalars obtain VEVs of different scales, which results in
not only the spontaneous breaking of CP symmetry but
a series of sequential breaking of SU(3)f . Within the
model, Yukawa coupling structure of the SM is explained
as well as the smallness of θ.
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2SU(3)c SU(2)L U(1)Y SU(3)f Z
(1)
2 Z
(1)
2 Z
(1)
2
q   +1/6  + + +
u  1 −2/3  + + +
d  1 +1/3  + + +
H 1  −1/2 1 + + +
U  1 +2/3  + + +
U  1 −2/3  + + +
D  1 −1/3  + + +
D  1 +1/3  + + +
Φ1 1 1 0  - + +
Φ2 1 1 0  + - +
Φ3 1 1 0  + + -
TABLE I. Quantum numbers of the scalar bosons and
fermions of the model. U(D) and U(D) are the Weyl spinors
to form Dirac fermions Ψu = (U,U
∗
)T and Ψd = (D,D
∗
)T .
A subscript of a complex scalar indicates under which Z2 the
field is odd. Notice that quantum numbers of u and U are
completely identical. We define U as the partner of U for the
mass term and u as an orthogonal direction to U . The same
applies for d and D too.
II. MODEL
Apart from the SM gauge group, the model has a hor-
izontal (flavor) gauge symmetry SU(3)f as an additional
gauge group [17–19] and three discrete gauge symmetries
Z
(1)
2 × Z(2)2 × Z(3)2 . The particle contents of the model
are extended by introducing into the SM particles three
complex scalars Φαi and six heavy Dirac fermions, Ψ
u
α
and Ψdα where α and i are indices for SU(3)f and Z
(i)
2
respectively (α, i = 1, 2, 3). The quantum numbers of the
particle contents of the model are presented in Table I.
We see there is no gauge anomaly if we introduce the
lepton sector with three right-handed neutrinos [19].
Within the model, a gauged CP symmetry [20, 21]
is assumed, resulting in real interaction coefficients and
θ0 = 0 (or pi). On the acquisition of VEVs of the complex
scalars Φi, both CP and SU(3)f become spontaneously
broken. 1 Without loss of generality, we can write down
the vacuum of the scalar sector as
Φ1 =
 00
X1
 , Φ2 =
 0Y2
X2
 , Φ3 =
Z3Y3
X3
 , (1)
where X1 and Y2 are real, and the rest is complex. It
is assumed that V1 > V2 > V3 where |Φi| ≡ Vi.
The renormalizable SU(3)c × SU(2)L × U(1)Y ×
SU(3)f × (Z2)3 invariant Yukawa coupling of the model
reads
LY uk = Lq + LQ + LqQ , (2)
1 To avoid the domain wall problem arising from breaking of CP,
we assume that CP violation precedes the inflation.
with
Lq = auH†qαuα + adHqαdα + h.c. , (3)
LQ = MUUαUα +MDDαDα + h.c. , (4)
and
LqQ = buH†qαUα + bdHqαDα + h.c. , (5)
where the interaction coefficients are real due to CP in-
variance and SU(2)L indices are suppressed. Similar
models are considered in [22, 23]. Then mass matrices
of each of up and down sector fermions in the model be-
come
Mu =
[Mu11 Mu12
Mu21 Mu22
]
=
[
auH∗0 I3×3 b
uH∗0 I3×3
0 MUI3×3
]
, (6)
Md =
[Md11 Md12
Md21 Md22
]
=
[
adH0I3×3 bdH0I3×3
0 MDI3×3
]
, (7)
whereMu andMd are made of four 3×3 block matrices
and H0 is the neutral component of the Higgs SU(2)L
doublet. At the electroweak symmetry breaking (EWSB)
vacuum, H0 has a VEV |<H0>| ' 246GeV. The block
matrices shown in Eq. (6) and (7) are proportional to
the identity because of SU(3)f . At the renormalizable
and tree level, the complex scalars Φi as a source of CP
violation do not appear in the fermion mass matrices
since the fermions are even under discrete symmetries
while the scalars are odd.
The determinant of the fermion mass matrix reads [24]
detM = [detM11][det(M22 −M21M−111M12)] , (8)
= [detM22][det(M11 −M12M−122M21)] . (9)
The complex phase of<H0> gets cancelled in the product
MuMd. Along with Eq. (6) and (7), this shows that
detMuMd is real at the tree level. In the next section,
we examine additional contributions to the fermion mass
matrices which spoil the reality of detMuMd.
III. NON-ZERO CONTRIBUTION TO θ
In this section, we investigate non-zero contribution
to θ that arises as a consequence of the structure of
the model. RG evolution of θ is negligible since non-
vanishing contribution to β-function of θ takes place at
7-loop order [25]. With this, we apply the experimental
constraint θ . 10−10 from measurement of the NEDM
to the energy scale for breaking of CP and SU(3)f . This
will constrain the VEV of Φi and quartic couplings of the
complex scalars in the model.
3A. Contribution by higher dimensional operators
The interaction between the complex scalars and
fermions in the model might be induced by a UV physics,
which can be studied by Planck-suppressed higher di-
mensional operators. In this section, we probe possible
higher dimensional operators allowed by symmetries in
the model. Then we figure out which operators poten-
tially spoil reality of detMuMd. Those dangerous op-
erators are to be used to constrain vacuum of the scalar
sector.
We start with the dimension 5 operators. For the up-
sector, the operators contributing to the mass matrices
after the complex scalar condensation are
O(u,5)21 =
3∑
i=1
c
(u,5)
1,i
Φ†βiΦβi
MP
Uαuα +
3∑
i=1
c
(u,5)
2,i
Φ†αiΦβi
MP
Uαuβ
+
3∑
i=1
c
(u,5)
3,i
H†H
MP
Uαuα , (10)
O(u,5)22 =
3∑
i=1
d
(u,5)
1,i
Φ†βiΦβi
MP
UαUα +
3∑
i=1
d
(u,5)
2,i
Φ†αiΦβi
MP
UαUβ
+
3∑
i=1
d
(u,5)
3,i
H†H
MP
UαUα , (11)
where MP ' 2.4 × 1018GeV is the reduced Planck mass
and the repeated indices for SU(3)f are assumed to be
summed. Here a subscript of an operator indicates the
block matrix position in Mu to which the operator con-
tributes (see Eq. (6)). The superscript specifies up-sector
and the operator mass dimension. The coefficients of op-
erators are real due to CP invariance. Contributions to
the each mass matrix by dimension 5 operators are her-
mitian as can be seen in Eq. (10) and Eq. (11). The same
operators can be found for the down-sector with U and
u replaced with D and d. Note that M11 and M12 are
identity matrices up to the dimension 5 operator level.
Hermiticity is maintained under addition and inversion,
and thus it can be inferred from Eq. (8) that the reality
of detMuMd remains protected up to dimension 5 oper-
ator level. Put another way, Arg(detMuMd) = 0 (or pi)
holds up to dimension 5 operator level.2
Next, the dimension 6 operators allowed by symmetries
of the model are given as
O(u,6)11 =
3∑
i=1
a
(u,6)
1,i
Φ†βiΦβi
M2P
H†qαuα
+
3∑
i=1
a
(u,6)
2,i
Φ†αiΦβi
M2P
H†qαuβ
2 θ ' 0 may be favored by observations [2].
+
3∑
i=1
a
(u,6)
3,i
H†H
M2P
H†qαuα , (12)
O(u,6)12 =
3∑
i=1
b
(u,6)
1,i
Φ†βiΦβi
M2P
H†qαUα
+
3∑
i=1
b
(u,6)
2,i
Φ†αiΦβi
M2P
H†qαUβ
+
3∑
i=1
b
(u,6)
3,i
H†H
M2P
H†qαUα , (13)
Again the coefficients of operators are real due to CP
invariance. Together with these contributions, Mu11 and
Mu12 are no longer proportional to identity, but become
hermitian. In general, a product of hermitian matrices
is hermitian only when component hermitian matrices
commute each other. The Wilson coefficients of oper-
ators in Eq. (12) and Eq. (13) are arbitrary unknowns
and thus it remains undecided whether the block matri-
ces in Eq. (6), Murs (r, s = 1, 2), commute each other.
Therefore, we conclude that breaking of the reality of
detMuMd starts from dimension 6 operator level.
By using Eq. (24) and Eq. (27) of which the details
would be discussed in the coming discussion in Sec. IV,
application of the experimental constraint θ . 10−10 to a
ratio of leading contributions to an imaginary and a real
part of detM in Eq. (9) yields
δθ ∼ a(d,6)2 b(d,6)2 c(d,5)2 bd
|Φ1|2|Φ2|2|Φ3|2
MDM5P
× |yb|−3
' a(d,6)2 b(d,6)2 10−20 × |yb|−2 << 10−10 , (14)
where we used
|yb| ' bdc(d,5)2,i=1
|X1|2
MDMP
. (15)
The value 10−20 is estimated from VEVs of the com-
plex scalars which will be obtained in the next discussion
about dimension 7 operator contribution to θ. The dom-
inant contribution to δθ by the down-sector is traced to
|yb|−2 > |yt|−2. From Eq. (14), we can infer that non-zero
δθ arising from fermion mass matrices up to dimension 6
operators causes CP violation albeit not large enough to
be used for constraining parameters in the model.
Non-zero contributions to Arg(detMuMd) can also oc-
cur in the following part of dimension 7 operators
O(u,7)21 3
3∑
i,j=1
c
(u,7)
1,ij
Φ†γiΦγiΦ
†
αjΦβj
M3P
Uαuβ
+
3∑
i,j=1
c
(u,7)
2,ij
Φ†γiΦγjΦ
†
αiΦβj
M3P
Uαuβ
+
3∑
i,j=1
c
(u,7)
3,ij
Φ†γiΦγjΦ
†
αjΦβi
M3P
Uαuβ , (16)
4O(u,7)22 3
3∑
i,j=1
d
(u,7)
1,ij
Φ†γiΦγiΦ
†
αjΦβj
M3P
UαUβ
+
3∑
i,j=1
d
(u,7)
2,ij
Φ†γiΦγjΦ
†
αiΦβj
M3P
UαUβ
+
3∑
i,j=1
d
(u,7)
3,ij
Φ†γiΦγjΦ
†
αjΦβi
M3P
UαUβ , (17)
where the repeated indices for SU(3)f are assumed to
be summed. Corresponding operators of the similar
form can be found in the down-sector. In Eq. (16) and
Eq. (17), we only showed 1 ⊗ 8 ⊗ 8 type operators al-
though there are three more types of operators including
8 ⊗ 8 ⊗ 8, 8 ⊗ 8 ⊗ 1 and 1 ⊗ 1 ⊗ 1. For the current
purpose of estimating an order of magnitude for δθ due
to dimension 7 operators, it suffices to study 1 ⊗ 8 ⊗ 8
type operators below. Up to dimension 7 operator level,
the up-sector fermion mass matrix is given by
Mu=
[Mu11 Mu12
Mu21 Mu22
]
=
[
auH∗0 I3×3+O(u,6)11 buH∗0 I3×3+O(u,6)12
O(u,5)21 +O(u,7)21 MUI3×3+O(u,5)22 +O(u,7)22
]
.(18)
For dimension 7 operator level, differing from the pre-
vious lower dimensional cases, it is realized that there
occur irremovable complex phases in the diagonal ele-
ments of Mu21 and Mu22. Namely, Mu21 and Mu22 are no
longer hermitian matrices. This is because c
(u,7)
2,ij = c
(u,7)
2,ji ,
c
(u,7)
3,ij = c
(u,7)
3,ji , d
(u,7)
2,ij = d
(u,7)
2,ji and d
(u,7)
3,ij = d
(u,7)
3,ji are not
ensured for the second and the third type contributions to
O(u,7)21 and O(u,7)22 in Eq. (16) and (17). The same applies
for the down-sector. Now this fact makes complexity of
detMuMd manifest.
For estimation of δθ arising at the level of the dimen-
sion 7 operators, we compare the dominant contributions
to a real part and an imaginary part of detMuMd by re-
ferring to Eq. (9). Up to dimension 5 operator level,
the dominant contribution to the real part comes from
detM21, which reads ∼ (|yt|MU )3. On the other hand,
we found the dominant contribution to the imaginary
part to be ∼ bu(|yt|MU )2O(u,7)21 . The same applies for
the down-sector. Then, the ratio of these two produces
δθ ∼ (buO(u,7)21 )/(|yt|MU ) + (bdO(d,7)21 )/(|yb|MD). Thus,
we obtain
δθ ∼ b
qc
(q,7)
2,i=1,j=2
|yq3 |
|X1|2|X2|2
MQM3P
. 10−10 , (19)
where Eq. (19) shows a greater contribution among up
and down-sector, and q3 is either of t or b. With the use
of Eq. (27), we can rewrite Eq. (19) as
δθ ∼ c
(q,7)
2,i=1,j=2
c
(q,5)
2
|X2|2
M2P
. 10−10 , (20)
where q can be either of u or d, depending on which is
making a greater contribution. With c
(q,7)
2,i=1,j=2/c
(q,5)
2 =
10P taken, we obtain the upper bound on |X2| .
10(26−P )/2GeV. For instance, for P = 0 and P = −2,
the upper bound reads 1013GeV and 1014GeV, respec-
tively.
Now that we obtain the upper bound of |X2| in terms
of values of the Wilson coefficients of the dimension 5
and 7 operators, we realize that δθ due to dimension 6
operators hardly exceeds 10−10 unless we have fine-tuned
Wilson coefficients for dimension 7 operators. Hence, we
conclude that θ . 10−10 constrains VEVs of the complex
scalars at dimension 7 operator level. Yet, CP violation
starts at dimension 6 operator level.
Before ending this section, it is worth reconsidering the
physical reason for breaking of reality of detMuMd at
dimension 6 operator level. In other words, why does CP
get violated especially from dimension 6 operator level?
The fact that Mq11 and Mq12 (q = u, d) remain propor-
tional to identity was the reason to make detMuMd real
up to dimension 5 operator level (see Eq. (8)). This was
possible due to the horizontal SU(3)f gauge symmetry.
Also, the fact that the heavy fermions including U are
SU(2)L singlet disallows dimension 5 operator contribu-
tion to M12. In this way, we may understand that the
reality of detMuMd up to dimension 5 operator level
is related to the horizontal SU(3)f gauge symmetry and
SU(2)L singlet heavy fermions. Nonetheless, Mq11 and
Mq12 (q = u, d) are no longer proportional to the iden-
tity matrix starting from the dimension 6 operator level,
resulting in non-zero contribution to θ.
B. One loop contribution to θ¯
In the previous section, we observed tree-level non-
vanishing contribution to θ¯ arises from dimension 7 op-
erators, which constrains the symmetry breaking scale
for both CP and the SU(3)f horizontal gauge symme-
try. In this section, we will investigate how the scalar
sector within the model is constrained by one loop ra-
diative correction to θ. To this end, we begin with the
following renormalizable scalar potential which respects
SU(3)f × (Z2)3,
V (Φ) = −
3∑
i=1
1
2
m2Φi |Φαi|2 +
λ0
4
3∑
i,j=1
|Φαi|2|Φβj |2
+
λ+
4
3∑
i,j=1
Φ†αiΦαjΦ
†
βiΦβj
+
λ−
4
3∑
i,j=1
Φ†αiΦαjΦ
†
βjΦβi
+ higher order terms , (21)
where the repeated SU(3)f indices are assumed to be
summed. Notice that the higher order terms are non-
5negligible to determine all VEVs for Φi, since λ± are
very small as shown below. The determination of VEVs
of Φi is beyond the scope of this paper. Again the CP
invariance renders all the interaction coefficients in V (Φ)
in Eq. (21) real.
For contributions to δθ by higher dimensional op-
erators, we observed a significant imaginary part of
detMuMd arises at the dimension 7 operator level.
And also we observed the dominant contribution to the
imaginary part of detMuMd is attributable to detMq21
(q = u, d) in Eq. (9). This implies that the leading ra-
diative correction to detMq21 (q = u, d) with four scalar
condensation external lines must be also constrained by
the experimental constraint θ . 10−10.
With that being said, our aim is to ascertain whether
one loop corrections to the block matrices of Mu21 and
Md21 spoil the hermiticity after the condensation of Φ
and thus induce Arg(detMuMd) 6= 0. If the hermitic-
ity is broken in Mq21, then the loop correction must be
constrained. Recall that c
(q,7)
2,ij 6= c(q,7)2,ji and c(q,7)3,ij 6= c(q,7)3,ji
(q = u, d) were the essential points to make diagonal com-
ponents of Mu21 and Md21 complex when we discussed
dimension 7 operators (see the second and third type
contributions to O(u,7)21 in Eq. (16)). Hence, testing her-
miticity at the loop level reduces to checking whether the
loop corrections to c
(q,7)
2,ij and c
(q,7)
2,ji (c
(q,7)
3,ij and c
(q,7)
3,ji ) are
identical or not.
For each loop correction to c
(q,7)
2,ij (c
(q,7)
3,ij ), if there ex-
ists a corresponding identical correction to c
(q,7)
2,ji (c
(q,7)
3,ji )
up to a loop factor, then the one loop corrections do
not break hermiticity ofMu21 andMd21 by accomplishing
δc
(q,7)
2,ij = δc
(q,7)
2,ji (δc
(q,7)
3,ij = δc
(q,7)
3,ji ). As a matter of fact,
we find that this is not the case by observing breaking
of the one to one correspondence. In the following, we
demonstrate this by showing a correction to c
(q,7)
2,ij does
not have its partner correction to c
(q,7)
2,ji . The same thing
can be observed for c
(q,7)
3,ij and c
(q,7)
3,ji as well.
Among many different contributions, in Fig. 1 we show
loop corrections to c
(u,7)
2,ij and c
(u,7)
2,ji with the same internal
lines in the right and left panel, respectively. Provided
the scalar quartic vertex factors are different, then we
may conclude that the loop correction to c
(u,7)
2,ij in the
right panel lacks its identical partner for c
(u,7)
2,ji . The same
applies for the down-sector.
In accordance with Eq. (21), we see that vertex factors
for scalar quartic interactions read (λ−λ+) and (λ+λ0)
for the left and right panel diagrams respectively in
Fig. 1. This proves that the one loop corrections to c
(q,7)
2,ij
and c
(q,7)
2,ji are different and thus there occur complex val-
ues on the diagonal components of Mu21 and Md21. One
may wonder what happens if we modify the kind of scalar
fields in the internal lines such that we can have the same
scalar quartic interaction factors for the left and right
panel diagrams in Fig. 1. However, in those cases, now
FIG. 1. One loop correction to the dimension 7 operator
with coefficients c
(u,7)
2,ij . The right panel diagram corresponds
to a correction of the dimension 7 operator with coefficients
c
(u,7)
2,ij . The left panel diagram corresponds to a correction of
the dimension 7 operator with coefficients c
(u,7)
2,ji . The blobs
correspond to the dimension 5 operators with the coefficient
c
(u,5)
2 . The arrow on the internal line is directed from Φ
† to
Φ.
the momentum space integral for the loop becomes differ-
ent because of different scalar masses for different kinds
of scalars in internal lines. To prevent the one loop cor-
rection from making δθ exceed 10−10, we demand
(δθ)1−loop'
δMq21,α=3β=3
Mq21,α=3β=3
' b
qc(q,5)
|yq3 |
λ2
16pi2
|X1|2|X2|2
m2ΦM
QMP
. 10−10 , (22)
where Eq. (22) presents a dominant contribution among
up and down sector. Now we do not specify the kind of
λ in Eq. (22) for simplicity. Using |X1| = 10R|X2| and
Eq. (27), we can further simplify Eq. (22) to obtain
(δθ)1−loop ' 10−2R λ
2
16pi2
|X1|2
m2Φ
. 10−10 , (23)
where mΦ is the mass of heaviest scalar particle in the
loop. For λ2, there are three possibilities: (1) λ20 (2) λ0λ±
(3) λ±λ±. We found that the first case does not violate
the hermiticity of one loop corrections to the block matrix
Mu21. For the rest of two cases, we find m2Φ ' |X1|2λ0
provided at least one of three internal lines corresponds
to a massive scalar mode.3 Therefore, we may argue that
both non-zero λ+ and λ− are responsible for spoiling the
hermiticity of one loop corrections to θ and thus subject
to the upper bound on λ obtained above while constrain-
ing λ0 is not necessary to fulfill θ . 10−10. From Eq. (23),
the upper bound on λ± is obtained to be λ± . 10−8+2R.
For an exemplary case with R = 1, the constraint be-
comes λ± . 10−6.
Having λ± . 10−8+2R, we realize the Wilson coeffi-
cients of dimension 5 operators we discussed in Sec. III A
can be constrained. The dimension 5 operators with the
3 For λ0 >> λ±, the complex scalar Φi contains two classes of
bosons. One has heavier masses of |Xi|2λ0 (i = 1, 2, 3) and the
other lighter masses of |Xi|2λ± (i = 2, 3). However, we checked
that our conclusion does not change.
6coefficients c
(q,5)
2 and d
(q,5)
2 can induce radiative correc-
tion to λ−. For example, the diagram shown in Fig. 2
makes the radiative correction to λ− by the amount of
∼ (c(u,5)2,i )2/(16pi2). Thus, the constraint on λ− trans-
forms into c
(u,5)
2,i . 10(−6+2R)/2 and d
(q,5)
2 . 10(−6+2R)/2.
For instance, R = 1 case results in c
(u,5)
2,i . 10−2 and
d
(q,5)
2 . 10−2.
FIG. 2. A diagram for one loop radiative correction to λ−
quartic interaction of the complex scalar fields defined in
Eq. (21). The blobs correspond to the dimension 5 opera-
tor with the coefficient c
(u,5)
2,i defined in Eq. (10).
Thus far we have discussed one loop correction to di-
mension 7 operator of 1⊗ 8⊗ 8 type only. However, for
1 ⊗ 1 ⊗ 1, 8 ⊗ 8 ⊗ 1 and 8 ⊗ 8 ⊗ 8 type dimension 7
operators, we found that one loop corrections with four
external scalar lines are hermitian whenever those are
proportional to λ20. Therefore, we conclude that there
is no constraint on λ0 as far as one loop corrections to
dimension 7 operators are concerned.
The upper bounds on λ±, c
(q,5)
2,i and d
(q,5)
2,i (q = u, d)
now change the point of view in which we understand
the smallness of θ. The smallness of θ turns out to be
originated from the smallness of λ±, c
(q,5)
2,i and d
(q,5)
2,i (q =
u, d). So at first glance, it seems that what the model
achieves is just to convert the form of the smallness. The
later smallness, however, can be considered distinguished
from the former in that the symmetry of the model gets
enhanced to include SU(3)
(1)
f × SU(3)(2)f × SU(3)(3)f in
the limit λ±, c
(q,5)
2,i , d
(q,5)
2,i → 0. Here the superscript
on SU(3)
(i)
f specifies to which the complex scalar field
Φi SU(3)
(i)
f applies. This enables us to understand the
smallness of λ±, c
(q,5)
2,i and d
(q,5)
2,i (q = u, d) natural in
the sense of ’tHooft [1]. In sum, the model succeeds in
converting the unnatural smallness of θ into other natural
smallness.
IV. EFFECTIVE YUKAWA COUPLING
In this section, we study how the model can produce
the effective Yukawa coupling in the SM. For this pur-
pose, it turns out that we need constraints on Wilson
coefficients of higher dimensional operators as we shall
see below.
If we assume d(q,5) is small enough to make the follow-
ing condition satisfied
d(q,5)
Φ†αiΦαi
MP
<< MQ , (24)
where q = u, d and Q = U,D, then for the energy scale
between the EWSB scale and the heavy fermion mass
scale MQ, the effective SM quark-Higgs Yukawa coupling
can be obtained by integrating out the heavy fermions Ψu
and Ψd. The relevant diagram of a UV physics contri-
bution to the SM Yukawa coupling is shown in Fig. 3.
With this, the effective Yukawa coupling induced in the
low energy reads
Y uαβ ' au +
3∑
i=1
buc
(u,5)
1,i
<Φ†αi><Φβi >
MUMP
δαβ
+
3∑
i=1
buc
(u,5)
2,i
<Φ†αi><Φβi >
MUMP
, (25)
Y dαβ ' ad +
3∑
i=1
bdc
(d,5)
1,i
<Φ†αi><Φβi >
MDMP
δαβ
+
3∑
i=1
bdc
(d,5)
2,i
<Φ†αi><Φβi >
MDMP
, (26)
where aq, bq (q = u, d) and the heavy fermion masses are
defined in Eq. (6) and Eq. (7), and c(q,5) (q = u, d) is
from Eq. (10). The hermitian Yukawa coupling in the
low energy turns out to be one of the features of the
model.
Depending on a value of aq (q = u, d), there can be two
different situations for the effective SM Yukawas. In the
first place, aq can be O(1) so as to be the leading con-
tribution. In this case, with other parameters, aq needs
to be tuned for reproducing the SM quark masses as a
free parameter of the model [22]. Since the structure of
the SM Yukawa will be dominated by aq and other con-
tributions, VEVs of Φis cannot explain that of the SM
Yukawas without the parameter tuning. In the second
place, as a free parameter, aq can be small enough to be
negligible in comparison with other contributions [23].
For example, an accidental symmetry can be introduced
which is not respected by terms in Eq. (3) in order to
suppress aq. Then, Y qs in Eq. (25) and Eq. (26) be-
come dominated by dimension 5 operators and thus the
hierarchical structure can be explained by the hierarchy
of VEVs of the complex scalars Φi. Since Y
q given in
Eq. (25) and Eq. (26) are hermitian, aqs do not affect
7FIG. 3. Diagram which produces a low energy effective
SM quark-Higgs Yukawa coupling after spontaneous break-
ing of SU(3)f and CP. The sum over Z2 index i is assumed.
The blob corresponds to the higher dimensional operator in
Eq. (10). The cross represents the mass insertion of the heavy
fermion.
CKM matrix for both cases. In our work, we considered
the second scenario.
For α = 3, β = 3, Y q is matched to the SM top-Higgs
and bottom-Higgs Yukawa coupling. Then, for energy
scale between EWSB scale and MQ, we have
|yq3 | ' bq(c(q,5)1,i=1 + c(q,5)2,i=1)
|X1|2
MQMP
, (27)
where q3 = t, b and Q = U,D. Especially for q3 = t, we
demand |yt| ' O(1). Recall that |X1| = 10R|X2| and
c
(u,5)
2,i=1 . 10(−6+2R)/2. If |bu| . |yt| holds at the scale of
MQ
4, then with the constraint on |X2| . 10(26−P )/2GeV,
the assumption that c
(u,5)
1,i=1 and c
(u,5)
2,i=1 are comparable
gives MU . 105−P+3RGeV. As an example, for P = 0
and R = 1, MU cannot be greater than 108 GeV. On
the other hand, if |bu| > |yt| holds at the scale of MQ,
then we see that a larger value of bu gives rise to a larger
value of MU to meet Eq. (27). However, notice that
there must be an upper bound for bu at the scale of MQ
to avoid breaking of perturbativity at SU(3)f breaking
scale. Then, with Eq. (24) and (27), we realize that the
condition d(u,5) < c(u,5) should be satisfied even in this
case.
Now if a UV physics allows c
(q,5)
1,i . c
(q,5)
2,i (q = u, d),
then we may understand the hierarchical structure in the
SM Yukawas by hierarchy between the complex scalar
VEVs, i.e. <Φ1 >><Φ2 >><Φ3 >. Assuming that
conditions au, ad << 1 and c
(q,5)
1,i . c
(q,5)
2,i (q = u, d) can
hold in a UV physics, the SM quark mass matrices can be
approximately described by the 14 free parameters which
appear in the above Eq. (25) and Eq. (26). Firstly, the
ratios of VEVs Φ2 and Φ3 in Eq. (1) to <Φ1 >= X1
multiplied by the ratio of coefficients produce 9 free real
4 In this case, the mixing between t and U3 becomes non-negligible
and thus the observed t
′
is a mixture of t and U3. We need more
precise calculation for the up-type quark mass matrix than that
estimated below.
parameters. Namely,
pαj ≡
√√√√ c(u,5)2,j
c
(u,5)
2,i=1
<Φαj>
|X1| , (28)
where (α, j) = (2, 2) forms one real and (3, 2),
(1, 3), (2, 3), (3, 3) do another 4 complex parame-
ters. Secondly, the ratios between Wilson coefficients
c
(d,5)
2,i /c
(u,5)
2,i with i = 1, 2, 3 give additional 3 free param-
eters. Lastly, the ratios bu/MU and bd/MD give the last
two more parameters. The last two are irrelevant for
CKM quark mixing matrix, but play a role of scaling
factors for each individual quark mass eigenvalues.
With a curiosity as to the hierarchy in VEVs of com-
plex scalars Φi, we carried out the procedure to re-
produce the 4 quark mass ratios, 3 mixing angles and
Jarlskog invariant in the SM. Interestingly, assuming
c
(u,5)
2,j /c
(u,5)
2,i=1 ∼ O(1), the ratios |Y2|/|X1| ' 0.08 and
|X2|/|X1| ' 0.6 are obtained.
V. CONCLUSIONS
In this paper, we present a model as a resolution to
the strong CP problem. The SM particle content is ex-
tended by including additional complex scalars Φ and
heavy fermions Ψu (Ψd). Furthermore, the model intro-
duces the horizontal SU(3)f gauge symmetry and dis-
crete gauge symmetries Z
(1)
2 × Z(2)2 × Z(3)2 as additives
to the SM gauge group. The quantum numbers of the
particle content of the model can be referred to from Ta-
ble. I.
Beginning as a gauged CP invariant theory, the spon-
taneous CP violation becomes triggered by the complex
scalar field Φi condensation. Simultaneously, the hori-
zontal SU(3)f gets spontaneously broken around the en-
ergy scale ∼ 1013 − 1014GeV. This is in contrast with
other Nelson-Barr type models where the CP breaking
occurs for ΛCP . 108GeV by dimension 5 operators
[26]. The higher breaking scale of our model is better
in avoiding a tension to the thermal leptogenesis [27, 28].
We found that provided the scalar sector of the model is
featured by small enough quartic self-interaction at this
scale, i.e., λ . 10−6, then the radiatively induced CP vi-
olating parameter in QCD sector, θ, can be small enough
to avoid the current experimental constraint θ . 10−10.
The upper bound λ . 10−6 further constrains the Wilson
coefficient of dimension 5 operators to be smaller than
10−2. The newly obtained smallness of other parameters
in the model than θ turns out to be technically natural,
enhancing the symmetry of the model [1].
On the other hand, the quark-Higgs Yukawa coupling
structure is explained as a consequence of the model. The
sequential breaking (so-called tumbling) of the horizon-
tal SU(3)f gauge symmetry by different VEVs of three
complex scalars leads on to the hierarchical structure of
8the effective Yukawa coupling in the SM [18]. Within
the model, CKM matrix is determined by the scalar field
sector dynamics and the interplay between fermions and
scalars communicated by a UV physics. Therefore, in
this work, we find that CP violation in the strong and
weak sector, and the hierarchical structure of the Yukawa
coupling in the SM are originated from the common un-
derlying physics of breaking of CP and SU(3)f induced
by the scalar field dynamics. Extension including the
lepton sector will be given elsewhere.
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